An optimization approach is presented for generating linkage mechanisms consisting of frame members with arbitrarily inclined hinges. A second-order cone programming (SOCP) problem is solved to obtain the locations and directions of hinges of an infinitesimal mechanism. It is shown that the primal and dual SOCP problems correspond to the plastic limit analysis problems based on the lower-bound and upperbound theorems, respectively, with quadratic yield functions. Constraints on displacement components are added to the dual problem, if a desirable deformation is not obtained. A finite mechanism is generated by carrying out geometrically nonlinear analysis and, if necessary, adding hinges and removing members. Effectiveness of the proposed method is demonstrated through examples of 2-and 3-dimensional mechanisms.
INTRODUCTION
Design of linkage mechanisms is extensively studied for application to structures and machines in various fields of engineering [1] . Deployable structures and transformable structures are used for temporary shelters and roofs [2, 3] . Scissor structures are often used as basic one-dimensional mechanisms for deployable structures [4] , which can be extended to two-dimensional mechanisms [5] . Synthesis problem of mechanism can often be formulated as a numerical optimization problem [6] [7] [8] [9] . The design problem of types and numbers of linkages can be formulated as topology optimization problems [10] [11] [12] [13] . However, most of the existing numerical approaches can be applied only to planar mechanisms. Kim et al. [14] proposed an optimization approach to generating 3-dimensional mechanisms using a truss ground structure approach with springs at joints.
Global mechanism is assured based on work transmittance efficiency [15] .
In order to extend the methods for planar mechanisms to 3-dimensional mechanisms, it is important to consider a mechanism with partially rigid joints such as revolute and screw joints. Ohsaki et al. [16] and Tsuda et al. [17] presented a design analysis and adding hinges, if necessary. Effectiveness of the proposed method is demonstrated through numerical examples of 2-and 3-dimensional mechanisms.
DEFINITION OF VARIABLES
A limit analysis problem is solved to find the locations and directions of plastic hinges of a rigidly-jointed frame that can have perfectly elastoplastic hinges at member-ends.
Plastic hinges are replaced with revolute joints that can rotate without external load to generate an infinitesimal mechanism of a linkage [16] [17] [18] . 
The generalized member strain vector is denoted by 
SOCP PROBLEMS FOR GENERATION OF LINKAGE MECHANISMS
We find an infinitesimal mechanism such that the output node moves in the specified direction as the result of assigning the specified displacement at the input node in the specified direction. For this purpose, a limit analysis problem with a quadratic yield function is formulated.
Vectors of member-end moments
The variables
Each row of
C has one non-zero component 1 or 1. The details are explained below using their condensed forms. 
where m w and f w are the weight coefficients for the fully plastic moment and the yield axial force, respectively, and  is a scaling parameter. The load factor in  and the member-end force vector f are to be determined by solving problem (5); therefore, the problem has a linear objective function, linear equality and inequality constraints, and second-order cone constraints.
The dual problem of problem (5) is derived based on the standard approach of SOCP.
The Lagrange multipliers of the equality constraints, which are the equilibrium equations, are the displacements u . Let
denote the Lagrange multipliers for the inequality constraints in problem (5) . Then, the dual problem of problem (5), which is also an SOCP problem, is obtained as follows:
where variables are u and
. Note that the second equality constraint describes strain-displacement relation, and its right-hand side represents generalized member strain vector. Detail of derivation of the dual problem is shown in Appendix.
The matrices
C are condensed to matrices 
Hence, from Eq. (2) and the second equality constraint of problem (6), the generalized member strain vector
where
 are the ith components of  around the member axis at nodes a and b. Problem (6) is regarded as a limit analysis problem based on the upper-bound theorem.
By solving the limit analysis problem (5), a collapse mechanism is obtained from the Lagrange multipliers of the constraints, and a linkage mechanism can be generated replacing plastic hinges with revolute joints. Let h n denote the number of hinges. The conditions for hinge directions are assembled using a
T  R f 0, which leads to the equilibrium equations of the structure with hinges as [17] 
Let r g and c g denote the numbers of rows and columns, respectively, of matrix G . 2  3  2  3 ( ,
r r r  r , and
, we see that the member-end moments of member k satisfy
 denote the components of ψ corresponding to the hinge rotations of nodes a and b of member k . Then the rotations of nodes a and b around axes 2 and 3 are obtained as
, and the torsional angle
It has been found from our numerical experiments that mechanisms with local deformation near input and/or output nodes are often obtained by simply solving problem (5) or (6) . Therefore, additional inequality constraints 1 1  A u b and equality constraints 2 2  A u b are incorporated into problem (6) as
Journal of Mechanical Design where variables are u and
. Concrete examples of these additional constraints appear in the numerical experiments with Models 1 and 3 in Section 4.
The dual problem of problem (12) 
where variables are in
s , and 2 s . Note that the vectors 1 s and 2 s in problem (13) are regarded as reactions for unilateral and bilateral contact constraints in problem (12) .
It should be noted here that only an infinitesimal mechanism is obtained by solving the SOCP problem representing a limit analysis problem. Therefore, large deformation analysis is carried out, and more hinges should be added and more members are removed, if necessary.
NUMERICAL EXAMPLES
SOCP problems are solved using the optimization library SNOPT Ver. 
Model 1
Consider a plane grid model as shown in Fig. 2 to demonstrate the effectiveness of the proposed method. This model was investigated in Ref. [16] using a linear programming approach. A mechanism is to be found so that node B moves upward as a result of pulling node A downward 1.0. However, a local mode as shown in Fig. 3 The same problem is solved using an SOCP problem (12) with parameter value 0.035   , which has been obtained using the same approach as Ref. [16] . If problem (12) is solved, then a local mode without displacement of node B is obtained as shown in Fig. 3(b) . Therefore, displacement constraints are assigned so that the horizontal displacements of nodes C and D toward the center node O is greater than 1.0. The mechanism obtained with the displacement constraints is shown in Fig. 3(c) . This way, a global mode is found by solving an SOCP problem. However, the mechanism in Fig. 3(c) is only assured to be an infinitesimal mechanism. Therefore, a large deformation analysis is carried out to investigate its property in finite deformation range. We found that an external force is needed for large deformation of the mechanism in Fig. 3(c) . It is natural to remove members with largest axial force to obtain a finite mechanism. This way, a finite mechanism as shown in Fig. 3(d) has been obtained.
Model 2
Consider a square grid with unit member length as shown in Fig. 4(a) . Nodes 2 and 4 are supported in y-and z-directions, and nodes 3 and 5 are supported in x-and z-directions [16] [17] [18] .
The input and output loads are given as shown in Fig. 4(b) to generate a mechanism so that the output nodes 6-9 move in z-direction as a result of pulling the input node 1 in negative z-direction. The primal problem (5) and the dual problem (6) are solved for 0.37
, which is decided using the procedure in Ref. [16] . We confirmed that the same hinge locations are found by solving the primal and dual problems. However, the number of hinges is too small due to strong symmetry of the model. Therefore, the zcoordinate of node 1 is decreased by 0.01, and problems (5) and (6) are solved again. Figure 5 illustrates the locations and directions of hinges. As seen in the figure, the hinges of members 1-4 are directed to local axis 2. Table 1 shows the hinge directions of member 5 at the connections to nodes 2 and 6 obtained by solving the primal and dual problems. It is confirmed that the ratios among x-, y-, and z-components of direction vectors are almost the same for primal and dual problems.
Large-deformation analysis is carried out to find that the reaction force at the input node 1 is not zero. In a manner similar to Ref. [16] [17] [18] , we added eight torsional hinges as indicated with × in Fig. 6 to generate a finite mechanism that has no reaction force in the deformation process. The deformation process of the finite mechanism is shown in Fig. 7 .
Model 3
We next consider a plane frame consisting of two square grids as shown in Fig. 8(a) .
Nodes 2 and 4 are supported in y-and z-directions, and nodes 3 and 5 are supported in
x-and z-directions. A mechanism is generated so that the output nodes 6, 7, 8, and 9 move in z-direction and nodes 14, 15, 16, and 17 move in negative z-direction as a result of pulling the input node 1 in z-direction. Therefore, the input and output loads are applied as shown in Fig. 8(b) .
By solving problem (6), a mechanism is found in which nodes 6, 7, 8, and 9 do not move in z-direction. Therefore, problem (12) with additional constraints is solved; accordingly, the procedure in Ref. [16] for deciding an appropriate value of  cannot be used. As observed from the definition of objective and constraint functions of problem (12) , the displacements become very small and output displacements vanish if  is too large. By contrast, the problem becomes unbounded below, if  is too small. We found appropriate value 1.2   after several trials.
We solve problem (12) assigning a lower-bound displacement 0.5 for nodes 6, 7, 8, and 9, and an upper-bound displacement 0.5 for nodes 14, 15, 16, and 17. Equality constraints are also given so that the z-directional displacements of three sets of nodes {6, 7, 8, 9}, {10, 11, 12, 13}, and {14, 15, 16, 17} have the same value, respectively. The hinge locations of the solution of problem (12) are shown in Fig. 9 . At the optimal solution, the inequality constraints on the displacements at nodes 6, 7, 8, and 9 become active, while the ones on the displacements at nodes 14, 15, 16, and 17 are inactive.
The degrees of kinematical and statical indeterminacies obtained by the singular value decomposition of G are 1 and 7, respectively. Large-deformation analysis is carried out by assigning forced displacement in negative z-direction at node 1. The deformation process is shown in Fig. 10 . We confirmed that no force is needed for generating this large deformation. Fig. 11 shows the relation between the path parameter and the displacements at nodes 6 and 14.
It should be noted here that the lower-bound displacements are given to obtain a mechanism that deforms in the desired direction, and the deformation shape is constrained by the lengths of members. We confirmed that the same large deformation property is obtained from the infinitesimal mechanisms generated with the lowerbound displacements 0.3, 0.4, 0.5, 0.6, and 0.7.
CONCLUSIONS
A new method has been presented for generating a mechanism with inclined hinges by solving a primal-dual pair of SOCP problems. When the obtained mechanism has local deformation near the input and/or output nodes, inequality constraints can be added, to the problem based on the upper-bound theorem, to generate a mechanism with global deformation. It is seen from its dual problem that the Lagrange multiplier for a displacement constraint corresponds to an additional reaction nodal force. It should be noted that it is necessary to formulate the problem to an SOCP problem to clearly separate the force variables and displacement and strain variables.
The kinematic indeterminacy of the mechanism can be evaluated by the singular value decomposition of a matrix defining equilibrium conditions and hinge directions. It is confirmed that the torsional angle of a member is obtained as the difference between the rotations around the member axis at the two ends of the member.
It has been demonstrated in the numerical examples that the global mechanism of plane grid model, which could not be found without an ad hoc process if the method in Ref. [16] was used, can be found using the proposed method with explicit assignment of displacement constraints. 
